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Number theoretic results are used to prove that there exist only a lirtite number of k, for a 
given ~., satisfying the equation k(k - 1) = )~(v - 1), when v is of a special form. 
Dedicated to the memory of my loving daughter Lavanya 
1. Introduction 
We assume familiarity with the theory of symmetric designs (e.g. see [3] and 
[6]). Given a 2 - (v, k, 3.) symmetric 
well-known necessary condition 
k(k  - 1) = 3.(v - 1) 
can be obtained. 
The following theorem is due to Mann. 
design, by elementary counting the 
(1) 
Theorem I (Mann [8]). Suppose that D is a symmetric (v, k, Z) design in which v 
is a power of  2. Then the parameters are, v = 2 2~, k = 2 ~-1  + 2 m-l, 3. = 2 2m-2 -1- 
2 m-~ for some integer m. 
As consequences of a few theorems on diophantine quations, we obtain that 
only a finite number of k, for a given value of 2, can satisfy eq. (1), when v has a 
special form. In some situations, we can actually give bounds on the solution k. 
We now state our main theorem which could be viewed as closely related to the 
above theorem of Mann. 
Theorem 2. Let Z be a fixed integer. The set of  integers v of the form 
v = 1 + k(k  - 1)/Z enjoying any one of  the following properties: 
O) For any fixed finite set S of  primes, v is divisible only by primes in S, 
(ii) For any positive integer n, v is an nth power (n >- 3), 
(iii) vZ is a square; 
is linite. 
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2. Results from number theory 
We now quote the number theoretic theorems which will be used to prove 
Theorem 2. 
Theorem 3 (Mahler [7]). The greatest prime factor of axm+ by ~, ab ~0,  
(x, y) = 1, m~>2, n~>3 tends to infinity as max(Ixl, lYl) tends to infinity. 
Theorem 4 (Schinzel [10]). Let f(x, y) be a polynomial of degree n with integer 
coefficients which is irreducible in the rational field Q and let f,(x, y) be its 
homogeneous part of degree n. If f (x, y) = 0 has infinitely many solutions, then 
except for a constant factor, f,(x, y) is a power of a linear form or of an irreducible 
quadratic form. 
Theorem $ (Landau and Ostrowski [5]). I f  a, b, c, d are integers and ad ~ O, 
b 2 - 4ac ~ O, n >I 3, the equation 
ay 2-~- by @ c = dx  n 
has only a finite number of integer solutions. 
By treating eq. (1) as quadratic in k, we apply Theorems 3, 4 and 5 to prove 
Theorem 2. 
3. Proof of Theorem 2 
We rewrite (1) as 
42v = (2k - 1) 2 + (42 - 1). (2) 
Case 1. For a fixed finite set S of primes, v is divisible only by primes in S. 
Take m = 2, n = 3, x = 2k - 1, a = 1, b = 42 - 1, y = 1 in Theorem 3 to obtain 
the desired conclusion. 
Case 2. For a fixed positive integer n, v an nth power (n I> 3). 
Apply Theorem 5 by taking a - 1, b = 0, c = 42 - 1 and d = 42. By hypothesis, 
x = v vn and y = 2k - 1 is a solution of ay 2 + by + c = dr  n. All the requirements of
Theorem 5 are satisfied and the result follows. 
Case 3. v2 is a square. 
We need a lemma. 
Lemma. Let a be a positive integer, a- - -3 (mod4) .  Then f(x,  y) - - -x2 - -y2 - -a  is 
irreducible over Q. 
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Proof. By Gauss's lemma, it suffices to show that f(x,  y) is irreducible over 7/ 
because Q is the quotient field of 7/. If possible, write 
X 2 -- y2 a = (trlX + fltY + ~/1)(0¢2 x ~t. fl2Y + ~/2), 
where tri, ),i are integers (i = 1, 2). By comparing coefficients, we may assume, 
without loss of generality, that or1 = tr2= 1, fix = 1 and fiE = --1 and hence 
equating the coefficient of x on both sides, we obtain y~ = -72. Thus we end up 
with y2 = a, by comparing the constant erms. This is a contradiction, because a
cannot be a square modulo 4. This proves the lemma. [] 
To complete the proof in this case, we appeal to Theorem 4 by taking 
f (x,  y) = x 2 - y2 _ (42 - 1) and noting that x = 2V~-~, y = 2k - 1 is a solution of 
f (x,  y) = 0. Taking a = 42 - 1 in the lemma, we see that f(x, y) is an irreducible 
polynomial of degree two over Z. Here j~(x, y) = the homogeneous part of degree 
2 of f(x,  y )=x  2 _y2, is reducible over • and is not a constant multiple of a 
power of an irreducible polynomial. So by Theorem 4, f(x, y) = 0 has only a finite 
number of solutions, completing the proof of Theorem 2. [] 
4. Bounds on the solution k 
Using the following theorems of Baker, we can obtain some weak bounds on 
the solution k in Theorem 2. 
Theorem 6 (Baker [2]). All the integer solutions of the equation y2 = x 3 .~_ k satisfy 
max(Ixl, lYl) < exp( lOw Ikl~°')- 
Theorem 7 (Baker [1]). Let f (x)  = aox n + alx ~-1 +. . .  + an be a polynomial with 
integer coefficients. If  f (x)  has at least three simple zeros, then all the integer 
solutions of y 2 =f(x )  satisfy the inequality 
max(Ixl, lYl) < exp exp exp(nl°"3A'~), where A = maxlaA, (r = 0 , . . . ,  n). 
Proposition. Let n >>-3 be a fixed integer. Suppose that 2 = 2n-2a n for some 
positive integer a. I f  v is a perfect nth power and v = 1 + k (k -  1)/2, then 
2k - 1 < exp exp exp(n1°n3(42 - 1)"2). I f  n = 3, then 2k - 1 < exp(101°(42 - 1)1°'). 
Proof. For the first part, apply Theorem 7 by taking f (x )= x n -  (42-  1) and 
noting x = 2av 1/" and y = 2k - 1 is a solution o fy  2 =f (x ) .  Since f (x )  and f ' (x )  are 
relatively prime polynomials, the zeros of f (x)  are simple and the result follows. 
The second part (n = 3 case), is an immediate consequence of Theorem 6. 
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5. Conclusion 
Parameters for which there exist a 2-design (not necessarily symmetric) have 
been studied by Erd6s et al. [4]. We believe that the results of this paper could be 
strengthened, if we also study the Bruck-Ryser-Chowla equations, not just the 
basic equation k(k  - 1) = ~,(v - 1). 
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